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OF THE DISPERSION EQUATION OF ANTISYMMETRIC VIBRATIONS OF A PIEZOELECIRIC PLATE
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INTRODUCTION

In a number of papers (for example, [1, 2]) vibration of plates (slabs) of piezoelectric
materials is investigated on the basis of approximate two-dimensional equations. The areaof
application of these is virtually not studied at all. However, from the character of their
structure it emerges that they are poorly adapted for the investigation of high~frequency wvi-
bration of thin and thick plates; it is not capable of describing an edge resonance; and so
forth., Comparisons with experiments [3] sometimes give considerable discrepancies even for
fairly low frequencies. The investigation of the area of application of such two-dimension-
al theories (for example, with respect to the parameter of relative thickness e = h/a and
the frequency Q) requires analysis of the problem on the basis of three-dimensional equations
of electroelasticity. In the classical theory of elasticity an analogous problem was ana-
lyzed on the basis of combined application of the theory of homogeneous solutions and the asymp-
totic method [4].

As we know, in dynamic problems the construction of homogeneous solutions for plates
(slabs) is connected with the determination of the roots of the dispersion equation. The dis-
persion equation in the case of considering a plane problem of electroelastic vibration under
the condition that the vector of external forces is zero on the faces of the plate, and that
the normal constituents of electrical induction and the tangential constituents of the elec-
trical field on the boundary between the piezoelectric material and vacuum are equal, was
obtained in [5). By means of an approximate solution of this equation, the dependence of the
phase velocity on the frequency was found for the first two lowest modes of symmetric and
antisymmetric types of vibration, respectively. For a circular piezoactive waveguide the
real roots of the dispersion equation were investigated in [6] for normal waves of axisym-
metric type.

The present paper is devoted to the construction of a system of homogeneocus solutions of
antisymmetric vibrations of a piezoelectric plate with an arbitrary plan view.

§1. We denote by A the region occupied by a cylinder (plate); by I', its side surface;
by S, the middle surface; by 2h, the thickness; and by b, a characteristic linear dimension
of the plate. We refer A to a Cartesian coordinate system (x:, Xz, Xa) with the origin at S
and the x; axis parallel to the generator of the cylinder. We assume that the material of
the plate is a preliminarily polarized ceramic of the class Cev Z 6mm with the polarization
axis parallel to the xs; axis. The ends of the plate are completely covered by electrodes of
infinitely small thickness which are shortened.

Making use of the relations [2], we can write the vibration equations of the plate in
the form
(00% + €134 + €3403 — 1103 - €4405) Uy + (€2 F Cog) D10ata - (Cyq + C13) 195t - (€1 + €15) 8,05 = 0;

a

(P“’z 4 CgeA -+ ‘74403) Us 4 (Cgg - C12) 010Uy (€11 — Cgg) 5%“2 - (Cyq - €15) 020515 - (g1 - €15) 0,8,0 = 0;

(Cqa - €13)(0105uy + 050 3u0)+ (pw? -+ Caeh + 0336‘;’) Ug - (elsA -+ 33353) P =0; (1.1)
(€35 -t e31)(9105u, -4~ 030,3u,) - (elsA + 6336'3) Uy — (811A -+ 83353) g =0;
0= 1 A -8+ 8,
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where Ui = uiejwt are the components of the displacement vector; ®is the potential of the
electrical field connected with the voltage vector by the relation E = —grad ¢ ; cp, are the
elastic constants; epn are the piezoconstants; and ep, are the dielectrical permittivities.

The following conditions are given on the ends at x5 = th:
tyy(z, £h) = 0; o(z, = h) = C; 2 = {z;, 22}, (1.2)

where t,; are the amplitudes of the mechanical stresses; C = const.

We shall assume that C = 0, since it is not difficult to set up a particular solutionof
Eqs. (1.1) which does not depend on x and satisfies the condition C # 0. The solutions of
Eqs. (1.1) which satisfy the homogeneous boundary conditions (1.2) are called homogeneous solu-
tions.

Invariance of Eqs. (1.1) and the boundary conditions (1.2) relative to the rotation
group about x3 allows us to simplify the original problem. Indeed, we represent the plane
field {u,, u,} in the form :

w, = 0, - 3W; uy = 0, — 9,V (1.3)

It is obvious that such representation is always possible. Substitution of (1.3) into (1.1)
allows us to separate the original problem into the following two:

LAYV =0, {M(A) Vi=in=0 (1.4)
H(A)Y ={c0s05 + coed + p0?) ¥ =0; {9,¥)x= 0= 0, (1.5)

where V = {®¢, us, ¢} is a vector function; L, M are matrix operators of the form

po® + ¢y A + 54463 (Car - €13) 95 (€15 -+ eq) 0y
L = 03(cgq+ Ci3) A PO® - Oyl - Caad  egsA - eygd3 |,
O3(e15+ ) A eA + 33352 —(enA + 83363) (1.6)
€110; Cag €15
M=|cy,A €330  €5305 |
0 0 1

We introduce the concept of elementary solutions of the first and second kinds. For this we
shall seek the solutions of the problems (1.4), (1.5) in the form

V = v(xm(z); (A + a®m = 0; v = {vy, v, u}; (1.7)
¥ = (zg)n(z); (A -- K = 0.

We introduce the dimensionless coordinates and quantities according to the expression

g

I

zglh; M = z,/b; & = z,/b; & = h/b; (1.8)
Q* = pohlic,,; @ = ah; A = kh. .

Substituting (1.7) into (1.4), (1.5) and taking into account (1.8), after separation of the
variables we obtain the spectral problem

L(— a®)v = 0; {M(— a*)v}i—z, = 0; (1.9)
H(— )% = 0; {$c}e=s1 = 0. (1.10)

As will be seen below, the problems (1.9), (1.10) have a discrete spectrum. Let {ap} be the
spectrum of the problem (1.9), while {)j} is the spectrum of the problem (1.10). Each of the
points of the spectrum is matched by solutions of the form

Vi = vgig; (82V‘2 + apmy, = 0; y? = %098 + o>, (1.1L)
¥; = Pin;; (ey? + Aj)n; = 0. (1.12)
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The solution (1.11) is called an elementary solution of the first kind, while (1.12) is an
elementary solution of the second kind. In total they determine the complete system of homo-
geneous solutions which allows us to satisfy arbitrary boundary conditions on the side sur-
face.

§2. We consider the spectral problems (1.9), (1.10). The problem (1.10) is solved sim-
ply and is described by the system of relations

P; = h~%os y;rg; sinyzh = 0;7 =0, 2, 4, ..}
P; = h=1%sin yrg cos b = 0,7 =1, 3,5, ..} 2.1)

2 —1 2 2
Yi = Cus (Csshj — po?).

The system of eigenfunctions (2.1) is a complete orthonormalized system.

Much more difficult is the problem (1.9), whose symbolic form contains a system of three
ordinary differential equations of the second order with constant coefficients and homogene-
ous boundary conditions. The general solution of the system of equations has the form

2, B
vy = 2 hifi[Aish(Bi ) + Bich (BiL)l;
=1

vy = ¥ e [y b (Bi8) + Bi sh(Bid)l; (2.2)

i:=1

ty = X 14 eh(B2) + B sh (GO

where Aj and Bj are arbitrary constants; B4 are the roots of the characteristic equation
B - PB4 QB* -+ 1= 0, (2.3)
P— N — Nya?; Q- D — D - Dyats
R == — o (€, — C,0a? 4- Caty;
Ny 0gq [(Cog = car) gy + €3] /G5 Dy == ey, /65
N, == [033 (Crifas T Caar1) + Cyg{ez -+ €45)* + 011533 — 2c4i (31635 + C1g833)
— 2015855 (€ 1571 €3) — 0%3833] G, G -=cy (833533 + 32%3);
Dy = cyy[(cgy + ¢1y) €a3 + (Cyy - Cgq) €11 + (€51 1 €15)° + 2ey5e451/G;
Dy = [544(511533 + ﬁ’gi) = €11 (€a9811 - 2€45853) — 0123311 — 203X
< (Cagtrr + eqress + eis)1 /G €y == Clueny /G
Cy - [(544 + 1) ey 3325} €14/ Gy
Cy =sepy (544811 + 3%5>/G;
B (cag -1~ 1) (E:::aﬁi - suocf) b (a1 - e15) (Csxﬁg - ‘315542)
i {egq - c23) (3335.{) e 5’/-2) — (eg1 4 e1s) (5'33[3% - 0gs R — 044052) ;
(egs - crz) e; 4= (ean - er5)

Cyq (Q2 + ﬁf) — ey 02

i =

By —

It should be noted that the problem (1.10) is purely elastic and its solution (2.1) does not
contain the characteristics of the electrical field, while the problem (1.9) is coupled and
in the expressions (2.2), (2.3) there are all constants of the material. The coupling of the
problem in fact determines its complexity.

The general solution (2.2) decomposes into a symmetric solution Aj = 0 and an anti-
symmetric solution Bj = 0. We consider the antisymmetric solution corresponding to flexural
vibration of the plate.

Satisfying the homogeneous boundary conditions, we obtain the dispersion equation

a;shf, a,shP, a;shp,
F(et, Q)=|b, chp, b,chB, bychfy =0, . (2.4)
ch f§; chB, chf,
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where

ay = (— ¢ - cpe; - ess)Pis (2.5)
bi=o [044(h,-ﬁ% +e;) + 315]-

The roots of this equation in fact determine the system of elementary solutions of the first
kind. The actual solution of the problem (1.9) corresponding to a spectrum point oy has the
form

3
) Yl R) e
o0 N APRPRE h (B10),
i=:1

3 ’
o X AP eh (pLL), (2.6)

t

3
Ugih) — 21 AS:I.') ch (ﬁ(ll()g)
i=

The dispersion equation (2.4) can be rewritten in the more usual form

3 ’ : :
3 31, thB, = 0. , 2.7)

n=:1

§3. We first divide the roots of Eq. (2.4) into two groups: real and complex. The
homogeneous solutions corresponding to the complex roots for small € have the character of a
boundary layer, while the homogeneous solutions corresponding to the real roots describe the
interior mechanical and electrical fields. We investigate the behavior of the roots of
Eq. (2.4) for small values of the parameter Q, having used for this the perturbation method
[7]. We write Eq. (1.9) in the form

L(—a)v = [Ly(—a?) -+ QL lv = 0. (3.1)

The form of the operators Lo and L, is established from comparison of the expressions
(3.1), (1.9), and (1.6). From (3.1) it follows that the operator L(—a?) can be considered
as a perturbation of the infinite operator Lo(—a?) by the finite operator Q°L,. The spec-
trum of Lo(—a?) is given by Eq. (2.4), if we put Q@ = 0 in it. For Q2 = 0 Eq. (2.4) has only
one quadruple real root « = 0 and a countable set of complex roots. For a number of mate-
rials of the systems RZT and TsTS, an asymptotic analysis shows that for @ =0 in the upper half-
plane there exist three branches of complex roots.

The first branch coincides with the imaginary axis; at the same time the asymptotic val-
ues of the roots are as follows:

Bl
—= -+ kn
) — 2 (3.2)

where 6,2 = (B,/a)? < 0 is the real root of Eq. (2.3) for @ = 0. For materials of the sys-
tem TSTS the points of intersection of the imaginary branches with the plane Q=0 can also
be determined from the expression

(15833)1/2

) k
Ry = —— =
k 2 2
'l/ gy, L 18
11T =

Caa

¥

the error here not exceeding 2X%.

Two other branches are symmetrical relative to the imaginary axis. The position of the
right branch and the location of the roots ap® = z,° + jy,° on it are described by the asymp-
totic relations

bz + @uyn = Pn;  QaZn— by =y, (3.3)
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where
pro= Cn - U2)a/2:r, == (1/2) avesh (Im My/2Re M, — Re M,/2 Im M,).

Here 6, = Bp/a = a. + jb, is the root of the bicubic equation lying in the first quadrant.

The expressions (3.2), (3.3) already for k = = 1 give the values of the roots not ex-
ceeding 1%Z. We can determine the character of behav1or of the complex and imaginary roots
for small Q. Assuming that the quantity o = Q/Ial is sufficiently small, we expand by powers
of this quantity the roots of the bicubic equation (2.3):

Bi 2 2 )
(7) S (3.4)
where
) N0} — D07 -,
Fi=fi+ja =

304 —2N07 LD,

Substituting B, from (3.4) into (3.2), after certain transformations we obtain the asymptotic
approximations of the imaginary roots for low frequencies:

i f19
2 (Q) = wh + —— (3.
291(-3———/» ) (3.5)

Analogously substituting 8, into (3.3), we obtain a system of two equations in zp, vp, which
can be written in the form

((l)—-l) )(zu yn)"—*abznyn .i292:r;1‘_"p;y (3.6)
azbz (ZI-; - yﬁ) -+ (aE - b—_;) ZpYn — - gQQE = I'nPn-

Substituting the actual values of the moduli of the ceramics, from the expressions (3.4)-
(3.6) we can determine the character of dependence of the imaginary and complex roots of the
dispersion equation for low frequencies. For the ceramics TsTS-19 they have the following
form:

2z = 1L.48(1--0.007Q%); y; = 3.47(1—0.02Q%); », = 1.68(1+- 0, .013Q%);

zp = 2.11(1-0.004Q2%); y, = 6.37(1—0.07Q%); 1, = 5.04(1}- 0.002Q?).

From the expressions we see that the quantities uk(Q), 2z (R), yk(Q) only slightly depend on
the frequency. Therefore, for small frequencies they can be approximated by the roots from
Egs. (3.2), (3.3).

We consider the construction of asymptotic approximations of the roots in the neighbor-
hood of the point « = 0, Q = 0.
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Since for the degenerate operator ¢ = 0 is a quadruple point of the spectrum, for the
investigation of the spectrum of the operator L(—a®) we use the branching methods [7]. The
solution of the spectral problem (3.1) in this case is sought in the form

@ =1+ 6+ ..., v=v"+ Q0 on® (3.7)

The substitution of (3.7) into (3.1) leads to a certain recursive system; integrating
this system, we obtain

(0 ) Y
Ul): —w,l; vy == uo; =0; (3.8)
« —1, 0, " -—1
Dy ) = tlwoA-z.)— -~ Wy, .} =— t i Al
1 Cas - C 241 -- 0 . g3 e -
U(i): _tl{ MDA, E 2 A, —«"—‘” wo('b—-'_ 3‘)‘!‘“?5; uI:collst
L Caa Ca4 €44 , b =)
3
b pi. - Ya
ti=B% B endy - eigde Tl (3.9)

Here wo is an arbitrary constant which can be taken, for example, equal to unity.

Equation (3.9) has four roots:

tyw =B, 1, = —B, ti; = jB; t,, = —jB. (3.10)

From the expression (3.10) we see that in the neighborhood of the point (0.0) there exist two
real roots and two imaginary roots. The expression

a = 1, QUL - 0(2) (3.11)

describes the beginning of the first dispersion curve depicted in Fig. 1. The expression
(3.11) guarantees 1% accuracy for Q<C Qo = 0.25. For Q > Qo the first curve degenerates into
a straight line with an angle of inclination (for TsTS-19) VR=SUa =1,06. The value of Vg cor-
responds to the phase velocity of Rayleigh waves for the given material.

We now consider the problem of constructing the dispersion curves for an arbitrary value
of Q.

We construct their asymptotics in the neighborhood of o =0. In Egs. (2.3) and (2.4) weput o =0
and determine the values of Q which are the beginning of the dispersion curves. We obtain
two sets of values:

Qm::an m =1 3,5, ..,

(3.12
Qn = nﬂ/km {T = (‘44611 —aami n = O’ 1, 2’ FE )
1/ C33€33 T €33
The values Q, and Qp found are resonances for the infinite layer.
To obtain the approximate roots for ‘a] + 0 or Q » mr/2, we put
G~"" _Roah. (3.13)

4

Taking into account the fact that o is small, from the combined analysis of Eqs. (2.3), (2.4)
we obtaln

R, = — (853"/"l2n2tg ﬁs)D -i- Ag, (3-14)
where

Ay = (Ny — Dy + C)/(2N; — D, — 3); By = (ma/2)ky;

c (a5 - €13) €3+ (ea1 1 €15) S ernes e, {cag +c15) e + (eg1 T €15) 0 P
13 11+ €aado as€2 T €3 Cas ('1 — ho) o

(c e, + 2 )(f.u -+ cyg) €y - (€51 -1 e15) £ 2
3373 33 c11 T casdo 0

D::
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Thus, for Ry > 0 imaginary roots occur for Qp > mn/2 and real roots occur for Qp < mmn/2,
while for Ry < 0 the converse takes place. Giving actual values to the moduli of the ceram-
ics, we can calculate from (3.14) the quantities Ry. Thus, for the ceramics TsTS-19 R, =
3.606, Ry=—0.783. Analogously, we can construct the asymptotics of the roots for @, - N
nm/ko. Going over to the isotropic case, we obtain from the expressions (3.13), (3.14) the
well-known results [8]. Although these expressions have a small area of applicability, which
decreases with the growth of m, they are of interest, since they are connected with the de~
termination of portions of negative group velocities.

In Fig. 1 we have depicted the dispersion curves for the ceramics TsTS-19 obtained by
numerically solving Eqs. (2.3), (2.4). The real and purely imaginary values are marked by
the solid lines, with the purely imaginary roots located on the left of the origin of the co-
ordinates.

The real and imaginary parts of the complex roots are marked by the dashed lines; here
the Ox axis is the axis of real values of «, while the Oy axis is the axis of imaginary val-
ues of a. Along the 0z axis we have set off the values of the dimensionless frequency Q.
Dashed-dot lines are used to denote curves corresponding to the asymptotic approximations of
the roots. It is seen that for low frequencies the imaginary and complex roots of the dis-
persion equation (2.4) vary little in comparison with their asymptotic valuesu(Q), zk(9),
yk () from the expressions (3.5), (3.6); here the frequency range of applicability of these
expressions increases with the growth of the ordinal number k. For k = 1 the error does not
exceed 5% for Q.<C 2, while for k = 2 it is not exceeded for 9 < 4.

Consideration of the piezoeffect does not lead to any qualitative changes for the real
and complex curves in comparison with the isotropic problem. They are only displaced by a
small amount which depends on the choice of the constants of the piezoceramics. An analo~-
gous result for the real roots has been obtained in [6]. However, the emergence of an almost
vertical branch corresponding to the purely imaginary roots can be explained only by the piezo-
electric coupling. On the basis of the dispersion curves, for each 9 we can determine the
phase and group velocities of propagation of a disturbance in a plane waveguide.

The latter, as we know, characterizes energy transfer. Here it is of interest to inves-
tigate the distribution of the energy being transferred in the case of a fixed frequency over
individual modes corresponding to the dispersion curves. However, such a problem can be dealt
with, having solved the particular boundary-value problem, i.e., having determined the func-
tions mk(&, n), ng(&, n) (the moduli of the piezoceramics TsTS~19 are taken from [9]).
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